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Majorana Mass of the Electron-Muon Dirac
Neutrino and the Fermion Masses

Cvavb Chandra Raju!
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The left-handed electron and muon neutrinos are considered to be Majorana
neutrinos with equal mass. They have opposite CP parities and are equivalent
to a single Dirac neutrino. These neutrinos are shown to have a Majorana mass
of about 6.5 eV. The relatively large mass of their charged leptons is due to
their ys coupling with the Higgs scalars. By expressing the Higgs scalars as
Clebsch—-Gordon type of combinations of Z and D neutral vector bosons with
appropriate quantum numbers, it is shown that 2m,m,/(m? + m?2) = (g,/8A)3..
where g, and g, are the vector and axial vector coupling constants, respectively,
of Z (or D) with the leptons e and p.. Weinberg mixing parameters x, = e2/g{
and xz = e?/g} are determined to be 0.2254 and 0.2746, respectively. In the
quark sector the Cabibbo angle is about 13°11’ and the masses of ¢ and b quarks
are found to be respectively 134.2 and 4.69 GeV.

1. INTRODUCTION

The nature of weak interactions appears to be intimately connected with
properties of the neutrino. When V-A theory was proposed by Sudarshan
and Marshak (Marshak and Sudarshan, 1958) they based their arguments on
the assumption that neutrinos are massless. The standard model (Weinberg,
1967) of electroweak interactions provides a sound mathematical basis for
the V-A theory. Mohapatra and Senjanovic attribute the smallness of neutrino
mass to the suppression of V + A currents (Mohapatra and Senjanovic, 1980;
Mohapatra, 1981).

In this paper we show that v, and v, are Majorana neutrinos with
equal mass and opposite CP parities. These two Majorana neutrinos are
equivalent to a single Dirac neutrino. The mass of the neutrino is computed
to be about 6.5 eV. The crucial ingredient responsible for our result is the
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presumption that the Higgs scalars that generate masses are Clebsch—Gordon
type combinations of Z and D bosons, with appropriate quantum numbers.
Here Z and D are the neutral bosons of the SU(2);, X SU(2)g X U(1) triangle
anomaly-free weak interaction with two neutral currents (Raju, 1985, 1986a).

The aim of this paper is to find the masses of almost all fermions. Our
considerations are based mainly on the following:

(1) If Z (or D) is coupled to the vector or axial vector currents of the
charged particles with the coupling constants (gv), and (g,),, then the coupling
constants of the Higgs scalars with gg or gys g for the generation of the
mass of ¢ must, respectively, be proportional to (gv)? and (ga),?, where g is
the charged fermion. To justify it we propose that Higgs scalars are Clebsch—
Gordon type combinations of Z and D with appropriate quantum numbers.

(ii) The neutrinos v, and v, are Majorana-type neutrinos with equal
mass and opposite CP parities. They conserve Zeldovich, Konopinsky, and
Mahmoud (ZKM) lepton charge, according to which one lepton charge,
the same for ¢~ and p*, is conserved (Zeldovich, 1952; Konopinsky and
Mahmoud, 1953).

(iii) The results should be extendable to other fermions.

The paper is organized as follows: In Section 2 we summarize the main
features of Dirac and Majorana mass terms. Section 3 presents the ZKM
scheme. In Section 4 we determine the exact expression for the electron and
muon masses. In Section 5 we relate the mass-determining constants to the
vector and axial vector current coupling constants of Z (or D). In this section
the neutrino mass and Weinberg mixing parameters are evaluated. In Section
6 the Cabibbo angle and the masses of the ¢t and b quarks are determined.
Section 7 contains a summary of our results.

2. DIRAC AND MAJORANA MASS TERMS

In a theory containing both left-handed (LH) and right-handed (RH)
neutrinos of a given flavor, the neutrino fields are expressible as Y{%, =
I' g™, where the projectors I'y gy = (1 * +s) ensure that the massless
fields Y{%k, have just two components. It is possible to construct a Hermitian,
Lorentz-invariant, lepton-conserving interaction which couples the two
chiralities,

Lpine = —mp[B{0 + G4
= —mpm(V)q,(V) 2.1

where the field ¢ is now a four-component entity. The lepton conservation
is ensured by the invariance of Lp;,. under the field transformations
Y — ™y and Yr — e Y. Such an interaction is said to give rise to a



Fermion Masses 2939

Dirac contribution to fermion mass and in the standard model it is this
mechanism (via the Higgs effect) which gives rise to fermion masses. Of
course, if the field Y’ does not exist, then no such construction is possible.
This is why neutrinos are massless in the standard model.

A logically independent source of neutrino mass called a Majorana
contribution is available even in the absence of right-handed neutrinos. Let
Y. and Yir be LH and RH fields. In addition, let us consider

(W) = CUF, (br)* = CYf, (2.2)
where C satisfies the conditions
CYilC'=-va C*C=1, CT=-C, C'vC=1L
2.3)

It follows from (2.2) and (2.3) that
@ =—4C™, @)= —kC" 24)

The field (Yyr))€ transforms as (Yrq,) under the proper Lorentz transforma-
tions. It is not difficult to show that (s )€ is a RH field, while (Yig)€ is a LH
field (Bilenkey and Petcov, 1987). The Majorana mass term is

LMajorana = —mM[m‘l;‘pL + H.c.]. (25)

Although it is Lorentz invariant and Hermitian, it does not conserve lepton
number. The mass term was first considered by Gribov and Pontecorovo (see
Bilenkey and Petcov, 1987).

3. THE ZKM SCHEME
Let

_- VeL
= (vp.L)’ (31)

where v, and v, are, respectively, the LH neutrino fields corresponding to
the electon and muon. The existing experimental data are not incompatible
with the assumption that to the charged leptons (e.g., e and ) there corres-
ponds one four-component neutrino whose LH and RH components enter
into weak lepton currents. We have in mind the scheme of Zeldovich, Kono-
pinsky, and Mahmoud (ZKM), according to which one lepton charge, the
same for e~ and p*, is conserved. The charged lepton current has in the
ZKM scheme the form,

ja = 2(0¥aeL + ViValr)s (3.2

where 1f = £(1 + ys5) v° and v* = CT".
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The electron and muon neutrinos are, in the ZKM scheme, LH neutrino
and LH antineutrino, respectively. It can be shown that the CP parities the
Majorana particles can assume are *i, and that the relative CP parities of
Majorana neutrinos are observable quantities. In the present case let

Ltajorana = —%(VL)Mvp, + He., (3.3)

where M is a symmetric 2 X 2 matrix. We shall assume here that the CP
invariance holds in the leptonic sector. One has then M* = M. Let

M= (‘;‘ abz ) (3.4)
where a,, b, and a, are real parameters. Then (3.3) can be written as
Lutsjorana = —3{a1@ )’ (W) + ax(F,0) (1)
+ b [T () + T (va)l} + He. (3.5)

Let us consider this Majorana mass term, with
a=a=0 and b>0 (3.6)
It is clear that the masses of the Majorana neutrinos coincide,
my, = b =m, 3.7
while their CP parities are opposite,
Ner(X) =6 mep(X2) = i (3.8

When the conditions (3.7) and (3.8) are fulfilled, the Majorana mass term is
reduced to a Dirac mass term. We then have

Ly = —im (WD + (a)v,] + He. (3.9)

The Lagrangian (3.9) is invariant with respect to the gauge transformations
Ve (x) = v (x) = et (v),

V(x) = v (x) = e Py (), (3.10)

where A is a constant parameter. This invariance implies that the mass term
(3.9) is a Dirac mass term. Indeed, let us introduce the field v(x) so that

VL = Ve g = (V) 3.11)
From equations (3.9) and (3.11) we obtain,

Ly = —mbyv, (3.12)



Fermion Masses 2941

where v(x) is a four-component Dirac field. If simultaneously we perform
the following transformations of the electron and muon fields,

e(x) = e'(x) = ee(x),
B(x) = p'(x) = e “Au), (3.13)

the total Lagrangian of the system obviously will not change. This invariance
implies that the lepton charge L', equal to +1 for ¢~ and v, and to —1 for
u~ and v, (and to zero for all other particles), is conserved.

4. ELECTRON-MUON MASSES

In the standard model, the masses are generated by spontaneous symme-
try breaking. In this case, the simplest form of the Higgs mechanism requires
a neutral particle called the Higgs boson to exist. So far the Higgs boson has
not been found. Suppose the electroweak model is based on the gauge group
SUQR) X SUR)g X U(1). In that case we will have two neutral currents. In
addition to the standard Z boson, we will have one more neutral boson known
as the D boson (one may call them Z; and Z,). In this gauge model we need
at least two Higgs scalars. Let these Higgs bosons be ¢y and ¢y corresponding
to the SU(2), X SUQR)r X U(1), with

b= + V4, or = br + Vg, and (b)) = (dr) = 0.

4.1
In addition to these let there be a Higgs quartet ¢ such that
_ Us 0
<¢0> - (0 V3), (4'2)

where u3, v3, Vi, and Vg are real VEVs. The Lagrangian is given by

1
_Ll = h3(ve, e)( )¢0( ) - h3(_ﬁe, z)( * T3>¢0< )
+ hi(®,, é)(T' : ”2)¢o< )+ hi®., e)¢0< > “2)(‘:). 4.3)

In (4.3) hy and h} are real and ¢y = T,dyT,. The 's are Pauli matrices.
Equation (4.3) can be summarized with the following mass matrix:

—h3u3 h:’;V:;
h3vs haus )

~L, =, z)M(‘:), where M =(
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The matrix MM™* is automatically diagonal. Until now v, and e, which are
mass eigenstates, have equal mass m, where,

m = (h3u} + b2 (4.4)

We use an exactly identical Lagrangian for the muon and its neutrino; then
they will have the same mass m. In view of (3.11),

m@ev, + v,v) = m[(V,DVL + (Vo)V,, + Hel

The charged leptons e and . are coupled to ¢ and ¢y and the neutrinos
have no coupling whatsoever with these scalars. This part of the Lagrangian
is given by

L, = ~liaeysedy + iageysedr + ib yspdy, + ibgiyspdrl, (4.5)

where ap, by, ar, and by are real constants. We add L, to L,. Let us first
examine the electron mass part of (4.5) along with (4.3) after spontaneous
symmetry breaking. The electron part is

—mee — iaLEyseVL - iaRE'yseVR - iaLE'ysd)£ - iaR'é'y5ed)f(, (46)

where the very first term is the contribution of (4.3).

Given a Dirac field, say ¥, the Hermitian scalar and pseudoscalar Jns
and ifrysy have opposite CP and T transformation properties. (In this respect
they are unlike the vector and axial vector.) The CP violation is now caused
by the exchange of (g, fields. Since the coupling of Higgs fields is usually
rather small, it is possible to arrange for the CP violation to be of roughly
milliweak magnitude (Bailen and Love, 1974; Mohapatra, 1981). Let

e = exp(—3iayys)e’, 4.7

where a is a real parameter. Vector or axial vector interactions are unaffected
by this transformation. We choose o in such a way that the constant coeffi-
cient of ¢'yse' is zero. Thus, (4.6) gives

— [m cos a; + (a Vi + agrVg)sin o, ]€’e’

— [=im sin o, + i(a VL + agVR)cos a;le’yse’

— aqie'(sin a; + iyscos a))e’ i,

— agé’(sin a; + iyscos a,)e’ dg, (4.8)
and we set the coefficient of the second term to zero to yield,

Vi + ag¥,
tan o, = 2V ¥ VD) — ® 4.9)
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Using (4.9) in the very first line, we note that,
m2=m?+ (a. V. + agVp)? = m¥sec’a,. (4.10)

Without any loss of generality we now define,

arV;
a()VL = aLVL(l + R R),
aVL
where
aRVR
= 1+ . 11
ap aL( aLVL) “4.11)

If one wishes, one may factorize agVy such that, in place of My,, instead
My (Wg-boson mass) appears in the ultimate expression. The mass of the
electron is now given by (Raju, 1985, 1986a—c, 1987)

m?2=m?+ agVi. 4.12)

From our analysis it is clear m represents the Majorana mass of the neutrinos,
which is quite small. So (4.12) shows that m 2 is proportional to M %; because
of V. If Vy is factorized out in (4.11), m2 can be shown to be proportional
to M. In an exactly similar fashion to the case of the electron, (4.5) leads
in the case of the muon to,

m% = m? + b3Vi, (4.13)
where
bo = bL(l + :]:“;z) (4.14)
with
B = exp(—3iayys)p’, (4.15)
tan o = (b VL + brVi)/m. (4.16)

In (4.15) and (4.13) ay # b, since m? is not equal to m3. We may arrange
it such that a3V and 53V? contribute a term —m? in (4.12) and (4.13). With
this in mind and without any loss of generality we can write,

a3 = "Mwm [3(1 —A) - —’”—] @.17)
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and

2 _ MM LAy =
bj V2 [B(l A) My | (4.18)
Here My, is the mass of the charged W-boson of the standard model, and B
and A are constants. In place of the two unknowns ay and by we now have
two other unknowns B and A. We presume that the parameter m is known.
Inserting (4.17) and (4.18) into (4.12) and (4.13), we find that

m? = mMy B(1 — A), (4.19)
m% = mMy B(1 + A). (4.20)

The mass of the neutrino m is small. This is seen by rearranging (4.19) or
(4.20) for m.

5. CALCULATION OF m, a; AND b,

The coupling of the quartet &g to the fields v, (x), v,.(x), e(x), and
(x) gives rise to the parameter m of (4.4). This also determines the mass
of the neutrinos. Suppose the scalar &, is a combination of Z and D bosons
with appropriate quantum numbers such that

o = <(ZD* + DZ*) + u, 0 )

0 {(—ZD* + DZ*) + v, -1

where ZD* is the scalar formed with the neutral Z-particle of the standard
model, and D is the neutral boson of the left-right model. The combination
should be built such that it is a scalar and has the other required quantum
numbers. We do not go deeply into this matter now because it remains
obscure. But (5.1) is enough to extract information. The quartet ¢y is coupled
to e or . In the standard model Z is coupled to ey,e through the real
(8v)en» Where (gv),,, is the vector coupling constant of e or p with Z (or D)
in the neutral sector. Because of (5.1), the parameter m should be proportional
to (gv)ﬁ,,L because m is real and positive. We therefore note that

m % (g3)ey. (5.2

In an analogous way we assume that the scalars corresponding to the doublets
& and ¢y are proportional to ZZ* + Vi and DD* + Vy. If this is true, a
comparison of the €vyse coupling constant in (4.5), (4.8), and (4.11) with the
real coupling constant (ga)., of the Z with the axial vector current indi-
cates that

ag % (€Rew  bF* (€Ren (5.3)
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From (4.17) and (4.18) we readily observe that very approximately

a§_1-4

by 1+A°

5.4)

To obtain (5.4) we ignored the terms m /My, in the brackets of (4.17) and
(4.18), as m is very small compared to My;. On the other hand, from (4.19)
and (4.20) we have

m: 1-A
;1—2’: “17a 5.5)
A comparison of (5.3)—(5.5) shows that very approximately
m;x (8o My * (§X)ews (5.6)
and hence
mZ + my * (8R)ep- (5.7

Moreover, when we multiply (4.19) and (4.20) we observe that
m2m? o« m?, and this shows that

m2mZ o (gDl (58
mm, agﬁ
— 5 < [ =], 59
m2 + ml <gA (59
where gy and g, are the vector and axial vector coupling constants of the
electron (or muon) to the Z particle or D particle. When we add (4.19) and
(4.20) we get 2mMy, B. There is no loss of generality if we arrange this
numerical factor 2 to cancel from the numerator and denominator of (5.9),
and hence
2mm, (g}
m+m K(gzzx m' (-10)
In (5.10) K is a proportionality constant. It appears that (5.10) is more

fundamental than the arguments that went to establish it. As a first approxima-
tion we set K = 1; then

2m,m,, g%)
—_— = . 5.11
m2 + ml (8% en G-1D
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Using (4.19) and (4.20) on the LHS of (5.11), we immediately find that

2
(1 - A~ = (&) (5.12)

»
8ga e

4 172
A= [1 - (é’_\') } . (5.13)
8A e

Using (5.13) in (4.19), we have

4 12
m? = mMWLB{l—[l - (&) ] } (5.14)
8A n

The above equation can also be written as,

B
m? = mMy, 2ehi) (g2 + g9 — (82 — gV (5.19)
If we set,
(8v/galve
= , 5.1
(gV/gA)zp. ( 6)
the masses of the electron and muon are given by
I8a)ke ‘1"
m? = mMWL@V—gA);{l —[1 — (& ] } (5.17)
(gv/ga)en 84/,
/ ze 4 q12
m2 = mMWLS—gNg—A)“{I + [1 - (& ] } (5.18)
(gV/gA)ep. 8A e

Equations (5.14) and (5.15) are special cases of (5.17). In the above,
(gv/ga)i. = 1, where (gy),. and (g,),. are the vector and axial vector coupling
constants of the neutrinos with the neutral Z or D bosons. The ratio
(gv/ga)i. is equal to 1 if the neutrino is strictly left-handed. This is true in
our case because these are Majorana neutrinos. In selecting the expression
(5.16) for B, we wanted to generalize the above formulas to quarks as well
(Raju, 1986a).

With the known values of m, and m, we can find sin’f,, since
(gv/ga), = (=1 + 4 sin0,)°. Here x;, = sin’,, is the Weinberg mixing
parameter. When we insert m 2 and mﬁ into (5.11) and treat x;_ as an unknown,
we get a quadratic equation whose roots are,

x. = 0.2254 or 0.2746. (5.19)
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The first value agrees very well with the world average of x;, ~ 0.23. The
second value will be interpreted here as xzg = e%gg, which appears in a
gauge model based on the gauge group SU(2);, X SUQ2)x X U(1) and g is
the gauge constant corresponding to SU(2)g. It should be noted that the sum
x, + xg = 0.5 exactly in (5.19). It is the sum of the roots of the quadratic
equation obtained from (5.11).

The neutral sector of the left-right SU(2), X SUQ)r X U(1) gauge
model contains two neutral bosons Z and D. The weak part of the neutral
interaction is given by (Raju, 1985)

weak = 8JnZ + g(BJa — (a + B)z)D, (5.20)
Iz = JaL = XLjems IR = J3R = XRjems

€
T -7

_ (xLx)"?
TR
172 —_
ot p=——ard T (5.21)

X — xy — )2’

The Z and D neutral bosons are mass engenstates If the neutrinos are strictly
left-handed, then (gv/ga)% z = (gv/ga):p = 1. On the other hand, (8V/8A)ep.
of Z or D are not necessarily equal. To have unique masses for the electron
and muon we require that

(8/8A)on.z = (84/8A)2 0 (5.22)
Equation (5.22) is equivalent to the following two relations:
(gv/gA)ep.,Z = t(gV/gA)eu,D' (523)

The above relation with the positive sign yields,

(o + B)xg — 4Bx, —
a+ 28 ’

(A —-4x)= (5.24)

and hence

xp + xg = 0.5. (5.25)

From a world average x;, = 0.23 and therefore xz = 0.27. These two roots

are also obtained from (5.11). If we use the second of (5.23) with the negative
sign, we get

21 = xx

T (5.26)
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In the above when we use x;, = 0.23 it does not lead to an xg = 0.27 and
we have no idea whatsoever how to interpret (5.26). The Majorana mass of
the neutrinos is given by,

2

m = el (5‘-’) ~ 6.5 eV, (5.27)
My \ga en

where My, = 80 GeV and x;, = 0.2254 are used. The neutrinos v, and v,;,
are Majorana particles with equal mass and opposite CP parities. For the 7
lepton and its neutrino we have,

49172
m2 = m,. My, {1 + [1 - (ﬁ)] } (5.28)
8a/.

where the mass of the T neutrino m, = 25 MeV, if m; = 2GeV. Here the
constant B is set equal to 1. The 7 neutrino does not fit into the above analysis.

6. QUARK MASSES

The analysis carried out appears to be quite general. In (5.17) the product
mMy,; involves the neutrino mass, whose charge is different from the electron
charge. Like the neutrinos, there are two quarks d and u, which have almost
equal constituent masses. These are charged particles and hence they cannot
have only Majorana mass. However, if (5.17) is any guide, we can assert that,

- S
. _ (gv/8a)iw g\ 1
m2 = mgMy, 28880 [y _ |y _ (&Y : ©.1)
(gV/gA)uct L 8a uct ‘
Iet - 4 q2
m? = m,,MWL(—gX—&%—L{l — - (& } 6.2)
(8v/8A)ast | 8a/ 41

In (6.1) and (6.2)
2 2 2 4V
e e G~ 5)
8a), \8a/, \8A/ 3
2 2 2 g V2
e =G ) (re3e)
8A/, 8a/, 8a/, 3

Here gy and g, are the vector and axial vector coupling constants of the
respective particles (indicated by the subscripts) with the Z boson. From
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conventional wisdom if we assume that m; ~ m, = 0.3 GeV, and if My, =
80 GeV, then for x;, = 0.2254, we have,

m. = 1.7 GeV and m; = 0.57 GeV. 6.3)
The Cabibbo angle is given by (Raju, 1986a—c, 1987),
8. = 0, — 0,. (6.4)
Where

tan 0, = ;':’l—" and  tan 0, = ”mf— (6.5)

From the above values of the masses we note that
0, = 13°11’, (6.6)

which is an excellent result. The masses of the heavy quarks ¢ and b are not
given by expressions similar to (5.18). But all our predictability rests on
(5.11). By a mere change of this expression we find that

2m.n g ¢

y _ [8v

m2+m (gA)m’ 6.7
2mJmy, gv 4

—_—s == . 6.

m? + m} (gA)dxb (6.8)

The similarity of these expressions to (5.11) is striking and therefore the
constants gy and g, play a vital role in determining the masses of all fermions.
From (6.7) and (6.8) we note that for x; = 0.2254,

m, = 134.23 GeV and my, = 4.69 GeV. 6.9)

Indeed these values are quite encouraging (Schwarzschild, 1987). Approxi-
mate expressions like (6.1) and (6.2) can also be found for the masses of ¢
and b quarks from (6.1), (6.2), (6.7), and (6.0). Thus we have

2 \/——M_ (gV/gA)dsb { [ 1 (8V)4 ]1/2}“2
= my - - |— . (6.10)

(gV/gA)ucl
The above expression can be approximated to,

Iga)s,
m? ~ 2mgMyy, B8N 6.11)
(gV/gA)uct
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in a similar way for the b quark we find that,

~ 2\/—— (8v/8A)ict [ {1 (8v)4 }1/2]1/2
1 e . (6.12)

(gV/gA)dsb 8A)
and
184)ic
i}~ 2m, My, BVLE8)uct (6.13)
(gv/ga)av

In one stretch, we have shown that the masses of all the known fermions are
closely linked to their vector and axial vector coupling constants with the
Z boson.

7. SUMMARY

We have found that the left-handed neutrinos v, and v,,; are Majorana
neutrinos with equal mass and with opposite CP parities. The existing experi-
mental data are not incompatible with the assumption that to the charged
leptons (e.g., e and p) there corresponds one four-component neutrino whose
LH and RH components enter into the weak lepton currents.

Using only the masses of the electron and muon, we have determined
the Weinberg mixing parameters x; and xg and the mass of their neutrinos.
With the help of m, and m, we found the constituent masses of m,, m,, m,
and m, quarks, all of which have the expected values. In addition, in one
stretch we have shown that the masses of all fermions are intimately connected
with vector and axial vector coupling constants of the fermions with the Z
(or D) bosons. We found only one set of the masses of quarks with x;, =
0.2254. The Cabibbo angle computed here turns out to be rather exact. With
the values of the masses computed here, the exact KM matrix can be evaluated.
In the case of all the fermions the masses are determined by (gv/ga)? ratios
or higher powers of it. Until now no serious attention has been paid to this
connection. When we wanted to bring in the (gy/ga)* connection to the
masses, we were led to the idea that the Higgs scalars are bound states of
neutral Z and D bosons with appropriate quantum numbers. When a spin-
one particle is combined with another spin-one particle, we will have 2,1,0
spin particles. We used only the scalar particles. The fate of the remaining
ones needs to be studied seriously and accounted for. This probably leads to
more exciting physics. Incidentally, the mass of the standard Higgs scalar
¢, must be around 2m, = 180 GeV, as it is a bound state of Z and Z* (Osland
and Wu, 1992). The two Majorana masses of the neutrinos are equal and
hence they correspond to a single four-component field v(x) which has a
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Dirac mass m, and the Majorana neutrinos have opposite CP parities. The
tau-neutrino problem is a separate one and it remains to be solved.
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